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Studies on the texture of nematic solutions of a rod-like polymer

1. Distortion of the director ® eld in a magnetic ® eld

by BEIBEI DIAO² and GUY C. BERRY*

Department of Chemistry, Carnegie Mellon University, Pittsburgh, PA 15213,
U.S.A.

(Received 15 September 1995; in ® nal form 2 May 1996; accepted 5 May 1996 )

The growth of the distortion of the director in an external ® eld, and its relaxation
on removal of the ® eld are studied for nematic solutions of the rod-like
poly(1,4-phenylene-2,6-benzobisthiazole), PBZT, over a range of concentration, polymer
molecular weight and temperature. The twist viscosity and the order parameter are more
weakly dependent on concentration than predicted for charged rod-like chains. This behaviour
implies a short-range translational order in a direction orthogonal to the chain axis, induced
by electrostatic interactions among the polycations on protonated PBZT. The relaxation
gives a normal temperature dependence for the splay curvature elasticity, but that for the
twist curvature is unexpectedly strong. This behaviour is interpreted as a weakening of the
surface anchoring with increased temperature.

1. Introduction
gS=gT Õ 2a

2
3 /gb (2 )

The distortion of the director ® eld n in the presence
of an external magnetic ® eld is discussed in the following gB=gT Õ 2a

2
2 /gc (3 )

for nematic solutions of the rod-like poly (1,4-phenylene-
with gb= (a3+a4+a6 )/2>0 and gc= (a4+a5 Õ a2 )/2=2,6-benzobisthiazole). With these solutions, the nematic
gb Õ (a2+a3 )>0 being two of the three Miesowiczorder develops as the chain axes tend to become parallel,
viscosities for ¯ ow with ® xed director.with the average direction of the axes in an ordered

Study of the distortion of the director in an externalregion at position r given by n (r). Although the visco-
® eld has been used to determine the parameters K

l
andelastic behaviour of nematic polymers remains poorly

g
l

for a number of small molecule liquid crystalsunderstood, a rich theoretical literature is available on
[2, 5, 6, 9], with a smaller number of studies on poly-the anisotropic viscous behaviour of nematic ¯ uids, and
meric liquid crystals [10± 16]. Static and dynamic lightthe anisotropic elasticity induced by deviations of n (r)
scattering have been used to determine K

l
and valuesfrom a distortion-free ® eld [1± 5]. For example, con-

of g
l

/K
l

for both small molecule [17± 20] and polymerictinuum mechanical considerations lead to expressions
nematics [21± 25]. In this work, an external magneticfor the stress tensor in terms of six material parameters
® eld is applied to study the growth of the distortion fora i called the Leslie± Ericksen constants (i=1 ± 6 ) and a
nematic solutions of a rod-like polymer, and the relaxa-distortion free energy taken to be the sum of contribu-
tion of the distortion on subsequent removal of the ® eld.tions Fbulk (r) from the bulk [4± 6] and Fsurface(r) from
Defect-free preparations of the material in a homogen-the surface [5, 7]. For weak distortions of the director
eous planar slab con® guration are subjected to two® eld Fbulk(r) is expressed in terms of the Frank curvature
di� erent distortion geometries: (i ) twist distortion, withelasticities K

l
, with m=S, T and B for splay, twist and

an external magnetic ® eld in the plane of the slab, andbend distortions, respectively [2, 3, 5, 6, 8]. The surface
(ii ) splay distortion, with an external magnetic ® eld in afree energy is discussed below. Time constants associated
plane de® ned by the director and the normal to the slab.with the development of these distortions may be used
As discussed below, data on the growth and relaxationto de® ne corresponding distortion viscosities g

l
>0 in

of the director ® eld in these geometries provides informa-terms of the a i [2, 6]:
tion on KS , KT and gT . One of the principal features of

gT=a3 Õ a2 (1 ) the deformation of nematic ¯ uids is a coupling between
the ¯ ow and the director ® eld, resulting in complex
behaviour, and unstable ¯ ow leading to an inhomogen-*Author for correspondence.

² Present address: du Pont Co., Inc., Bu� alo, NY, U.S.A. eous velocity ® eld [2, 5, 6]. Conversely, attempts to

0267± 8292/97 $12´00 Ñ 1997 Taylor & Francis Ltd.
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226 B. Diao and G. C. Berry

distort the director ® eld by an external ® eld (for example, comprised a section of rectangular Pyrex tubing (Vitro
Dynamics, Rockway, NJ) terminated on either end bya magnetic ® eld, a thermal ® eld, etc.) can induce a

macroscopic ¯ ow coupled with the distortion. The latter LeurTM ® tting tips. The rectangular section was 1 to
1 5́ cm long, about 5 mm wide, and could be fabricatedbehaviour will be discussed brie¯ y, but is avoided in

this study. from tubing over a range of thickness; sections with 200,
300, 400, and 700 mm thickness were used in this study.
The nematic sample was extruded into the cell, and the2. Experimental

2.1. Materials ends were closed with LeurTM ® tting caps. The cap
assembly was coated with an epoxy resin to insure aNematic solutions of poly(1,4-phenylene-2,6-benzo-

bisthiazole), PBZT, were used in this study: good seal against contamination by moisture, and the
cell was placed in a magnetic ® eld (7 T) within an hour
of being ® lled, with the long axis (i.e., the ¯ ow axis) of
the cell aligned in the direction of the ® eld. Prompt
placement in the magnetic ® eld is necessary to prevent
the formation of a population of extraordinarily stable

The speci® cations of the PBZT used are given in table 1; ellipsoidal shaped defect structures [29, 31].
L w therein is the weight average contour length, calcu-
lated from the weight average molecular weight Mw as
Mw /ML , with ML=M /L the mass per unit length for a 2.2. Methods

A Cartesian coordinate system with the unperturbedchain with molecular weight M and contour length L .

Concentration c is expressed as wt vol Õ 1, for example, director along the x axis (no=[1, 0, 0]) and the nematic
slab in the xy-plane will be used to describe the distor-g ml Õ 1. The intrinsic viscosity [g] in units of ml g Õ 1, is

de® ned as usual [26], i.e. the limiting value of (grel Õ 1 )/c tion, with the coordinate origin at midplane, so that
Õ d/2 z d/2, with d the thickness of the slab. In thisat in® nite dilution, with grel the relative viscosity.

Polymers used were dried under vacuum prior to use. coordinate system the magnetic ® eld is given by (i ) H =
[H cos qmag , H sin qmag , 0] for the twist distortion, andNematic solutions were prepared by addition of the

appropriate quantities of dry polymer and (99 per cent (ii ) H = [H cos (Qmag ), 0, H sin (Qmag )] for the splay distor-
tion. As elaborated in the Appendix, with certain simpli-pure) methane sulphonic acid (Aldrich Chemical

Company) in a 35 ml centrifuge tube containing a Te¯ on fying assumptions, the distortion of the director ® eld in
these coordinates is given by n =[cos q (z, t) , sin q (z, t), 0 ]coated magnetic stirring bar. Slow stirring action was

achieved by rotating the sample tube, between the poles in the twist geometry, and by n =[cos Q (z, t) , 0,

sin Q (z, t)] in the splay geometry. A 7 tesla magnetic ® eldof a horseshoe magnet for about 2 weeks. The solutions
were stored in a vacuum over a desiccant for at least a was used in all experiments; the temperature was

22 Ô 0 2́ ß C in the bore. A jig in the centre of the boremonth before being used. The steady state shear viscosity
gss of the solution in the slow ¯ ow (or region II ¯ ow) permitted the use of up to eight samples at predetermined

angles qmag or Qmag . During growth of the director ® eldfor which gss is essentially independent of the shear rate
[27, 28] is included in table 1 for reference. distortion, the sample was periodically removed from

the magnetic ® eld to the microscope for a short periodDefect-free monodomain specimens were prepared by
procedures described elsewhere [29± 31]. Brie¯ y, the cell (#10 min) for observation. As shown below, the very

Table 1. Parameters for nematic solutions of PBZT.

Weight fraction, Contour length, gss/Pa s Cell thickness
w L w /nm [g]/ml g Õ 1 (slow ¯ ow) TNI/ ß C c/cNI used/mm

0 0́451 105 900 2700 85 1 1́3 300
0 0́510 105 900 2400 Ð 1 2́8 400
0 0́506 135 1400 25000 100 1 5́3 300
0 0́486 145 1560 60000 100 1 5́0 200, 400
0 0́333 155 1800 3000 62 1 3́8 300, 700
0 0́510 155 1800 Ð Ð 1 6́5 300
0 0́533 155 1800 1000 105 1 7́2 200, 400
0 0́581 155 1800 150 117 5́ 1 8́7 300
0 0́68 155 1800 30 Ð 2 1́9 200
0 0́49 155 1800 2000 Ð 1 4́7 200
0 0́53 155 1800 20000 Ð 1 7́1 200, 400
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227Director ® eld distortion in a magnetic ® eld

torpid relaxation permitted this expedient without dis- pattern gives V # C
V

qmid . For pure splay (q=0 ), with
Q=Qmid cos (pz/d ) , the ratio of the observed results dis-cernible e� ect on the measurement. The distortion was

determined as a function of the elapsed time in the placement D of the fringe pattern to the radius R of the
illuminated area is given bymagnetic ® eld, for several sample thicknesses in some

cases. Following termination of the growth of the distor-
tion in the magnetic ® eld, samples were placed in

D

R
#CDA n

CNAB sin (Qmid) # CDA n

CNABQmid . (5 )
an oven at the desired temperature, to be removed
periodically for observation. Since only relative changes in the interference ® gures

are needed here, the values of the proportionality factors
C

V
and CD are not critical (see the Appendix).2.3. Conoscopic microscopy

Measurements of D/R and V were made from photo-The distortion of the nematic was determined by
graphic images of the fringe pattern as it evolved duringobservation of the conoscopic interference ® gures, fol-
growth under the action of the applied ® eld, or as itlowing procedures described elsewhere [32, 33]. Prior
relaxed subsequent to permanent removal from the ® eld.to use, samples were con® rmed to be free of defects by
Slides prepared from the images were projected on ainspection under crossed polars in a microscope, and to
screen to facilitate accurate measurements. An image ofgive undistorted conoscopic interference ® gures. In con-
the undistorted interference ® gure served as a referenceoscopy, the optic axis of nematics makes an angle of 45 ß
for measurements. Data were reproducible to Ô 0 1́ß forwith the polarizer. A polarized He± Ne laser with wave
V, and Ô 0 0́1 for D/R .length 632 8́ nm was used as a light source. The optical

train on the Leitz polarizing microscope used consisted
3. Resultsof a converging lens, the sample, an objective (Ö 32),

The birefringence Dn and Dn/c are given as a functionwith a numerical aperture CNA=0 6́5 matched to the
of the reduced concentration c/cNI in ® gure 1, includingconverging lens, an analyser, and a Bertrand lens. The
data from reference [33] on one of the polymers usedconoscopic interference ® gures were monitored and
in this study. Here cNI is the concentration for the ® rstrecorded on video tape using a charge-coupled device
appearance of an ordered phase; since the concentrationcamera connected with a video monitor. Photographs
range for the biphasic gap is very small, cNI may beof the monitor screen were made at selected times for
taken as the concentration for the formation of thelater use.
nematic phase for purposes here. As in the prior work,The conoscopic fringe pattern for the undistorted
the birefringence is found to be essentially linear in c/cNI .nematic has been used to estimate nE and nO of nematic
The source of the apparently systematic deviationssolutions of PBZT in MSA [32, 33]. Thus, as shown in
between the data for the two studies is unknown.the Appendix, the principal isochromates, or curves of

Typical results for the growth and relaxation of theminimum intensity, represent curves for which the
director ® eld as monitored by the observables D forretardation DQÃ is an integral multiple of p. An observed
twist and V for splay are shown in ® gure 2. For reasonsradial position r on the interference pattern corresponds
discussed in the following, the data are expressed asto a refraction angle b in the medium given by
ln {1 Õ y

l
( t)/y

l
(2)} versus the elapsed time t in the

magnetic ® eld during growth of the distortion, andr

R
=A nÄ

CNAB sin (b ) (4 ) ln {y
l

( t)/y
l

(2)} versus the elapsed time t following
removal from the magnetic ® eld during relaxation, where

with R the radius of the illuminated area, CNA the y ( t)3 qmid( t)3 V ( t) for twist or y ( t) 3Qmid( t) 3D ( t)

numerical aperture of the objective lens (CNA=0 6́ here) , for splay.
and nÄ = (nO+ nE )/2. The refraction angle between any As developed in the Appendix, for the large ® eld
two adjacent fringes may be used to determine the strengths of interest here, during growth of small distor-
birefringence Dn [32, 33]. The observable translation D tions in the director ® eld in an external magnetic ® eld,
of the centre of the fringe pattern from the optic axis of the distortion angle at mid-plane is given by
the microscope and its angle of rotation V are related

ymid(H, ymag , t)# ymax (H, ymag ) [1 Õ exp (Õ DxH
2
t/gT )]to the tilt of the director with respect to the plane of the

(6)surface and its rotation in that plane, respectively. As
discussed in the Appendix, the retardation in the kx ± ky for either small splay (y=Q) or twist (y =q ) distortions,

where ymax (H, ymag ) is the equilibrium distortion, t isplane of the k-space of the interference ® gures may be
calculated to relate D and V to certain averages of the the elapsed time, and Dx is the anisotropic magnetic

susceptibility. Thus, ln {1 Õ ymid( t)/ymax (2 )} is expecteddistortion angles through the sample thickness. For pure
twist (Q=0 ), the observed rotation angle V of the fringe to be linear in t, where qmid( t)/qmax (2 )#V ( t)/V (2) and
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228 B. Diao and G. C. Berry

Figure 2. The growth of the distortion of the director ® eld
in an external magnetic ® eld (7 T) ( lower) and the relaxa-
tion of the distortion on removal of the magnetic ® eld
(upper) for splay and twist distortions of a monodomain
nematic solution of PBZT in methane sulphonic acid
(200 mm thick cell; c= 0´0889 g ml Õ 1

, L w =155 nm). The
magnetic ® eld was oriented at 7 5́ and 30 degrees from the
director of the monodomain for the splay and twist

Figure 1. The birefringence Dn as function of concentration distortions, respectively. The average distortion y ( t) was
relative to the concentration cNI for the order± disorder determined in conoscopic microscopy, with y (2) the
transition for nematic solutions of poly(1,4-phenylene-2,6- value of y ( t) after a long time in the magnetic ® eld (y is
benzobisthiazole) in methane sulphonic acid. The ® lled proportional to qmid in twist and Qmid in splay distortions,
and un® lled symbols give data from reference [33] and respectively).
this study, respectively. The curve in the lower panel gives
the logarithm of the order parameter given by theory as
discussed in the text. Although it will not be pursued here, it is noted that

the homogeneous distortion discussed above is not main-
tained for the magnetic ® eld strengths used here withQ( t)/Q(2) #D ( t)/D (2) . In either case, the tangent gives

DxH
2
t/gT . Values of gT/Dx computed from the initial nematic solutions of PBZT if qmag or Qmag exceeds about

p/4, with the distortion becoming coupled with ¯ ow,growth rate of the distortion are given in table 2.
On removal of the external ® eld, the director relaxes and the creation of a phase grating [29]. If this behaviour

persisted for smaller ® eld strengths, it would precludeto its unperturbed state. To a reasonable approximation,
the relaxation is exponential, with [6] (see the Appendix) the determination of KT /Dx or KS /Dx from the critical

® eld Hc, l
required for the onset of the distortion, even if

ymid( t Õ tg ) #ymid( tg) exp [ Õ ( t Õ tg )/t
l

] (7 )
the response time were more convenient. The phase
grating consists of cylindrically symmetric distortions ofwhere tg is the duration of the growth of the distortion,

t Õ tg is the elapsed time from the time the magnetic the director out of the sample plane and toward the
magnetic ® eld, creating a grating of cylindrical lenses® eld is removed and t

l
=d

2
gT /p

2
K

l
. Thus,

ln {ymid( t Õ tg )/ymid( tg )} is expected to be linear with axes in the sample plane, and orthogonal to no .
The phase grating will focus light polarized along no inin t, where qmid ( t Õ tg )/qmid( tg) # V ( t Õ tg)/V ( tg) and

Qmid( t Õ tg )/Qmid( tg )# D ( t Õ tg )/D ( tg) . The example given bright stripes above the sample plane, with a similar
plane of virtual images symmetrically placed below thein ® gure 2 shows the expected exponential relaxation,

with tT>tS . Values of gT /KT and gT /KS determined sample plane. A similar phase grating has been reported
for distortions in an electric ® eld [34], and studiedfrom tT and tS , respectively, are given in table 2.
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229Director ® eld distortion in a magnetic ® eld

Table 2. Distortion viscosities and elasticities for nematic solutions of PBZT.

gT /KT /(Pa s/pN) gT /KS /(Pa s/pN) gT /xa /(s T2 ) gT /xa /(s T2 )
c/g ml Õ 1

c/cNI TRa SRa
KS /KT TGa SGa

0 0́667b 1 1́28 200 Ð Ð 6400 Ð
0 0́755 1 2́75 1250 125 10 0́ 5900 7800
0 0́749 1 5́33 1600 345 4 6́4 15000 20000
0 0́719 1 4́95 1890 535 3 5́3 44100 47000
0 0́493 1 0́74 3320 680 4 8́8 180000 163000
0 0́740 1 6́13 2140 565 3 7́9 64600 70400
0 0́755b 1 6́45 4660 Ð Ð 123000 Ð
0 0́789 1 7́19 1960 Ð Ð Ð Ð
0 0́860 1 8́74 Ð 420 Ð Ð Ð
0 0́889 1 9́39 1970 400 4 9́3 48100 48500
0 0́987 2 1́52 1550 360 4 3́1 112000 114000

a TR and SR signify data from the relaxation of twist and splay distortions, respectively, and TG and SG
indicate data from the growth of twist and splay distortions, respectively.

b From reference [29] after correction.

theoretically within the Ericksen± Leslie constitutive in solution in protic acids such as MSA, becoming a
polycation in solution [40]. Self-protonation of therelation [35].
protic acids provides cations and anions that screen the
electrostatic interactions among the polycations, with4. Discussion

In general, for c> cNI the birefringence may be MSA being a solvent of moderate ionic strength [41].
Similar e� ects have been noted for nematic solutions ofexpressed in the form [2, 5, 6]
poly(1,4-phenylene terephthalate) in sulphuric acid [42].

Dn # (Dn/r)
o
cS (8 )

The thermodynamic diameter dT provides a measure of
the scale for electostatic interactions. For rod-like chains,where S is the order parameter for the nematic, and this

form assumes that the intrinsic anisotropic molecular the second virial coe� cient A2 of the osmotic pressure
provides a measure for the latter, withoptical polarizability is invariant with c. The functions

log (Dn/c) from the results reported here, and log (S )

calculated for rods interacting through a hard-core poten- A2 M =
pNA

4

L dT

ML
(10)

tial are shown versus c/cNI in ® gure 1, where the data for
log (Dn/c) are translated along the ordinate to attain where ML=M /L is the mass per unit length for a chain
approximate agreement with log (S ) . The theoretical treat- with molecular weight M and contour length L

ments give numerical results [23, 24, 36] that may be [26, 37, 43]. The experimental results for solutions of
represented by the semi-empirical expression [25, 37] PBZT in MSA give dT#k Õ 1, where the Debye electro-

static screening length k Õ 1 is related to the ionic strength
( 1 Õ S )

1/2
S

2
/rS# (3p)1/2/8(c/cNI) (9 a)

Io and the Bjerrum length L B by
and

k Õ 1# (8pNA L BIo ) Õ 1/2 (11)
rS=1 Õ ( 4/3 ) ( 1 Õ S ) [1 Õ kr( 1 Õ S )] (9 b)

(L B#0 9́ nm for MSA). Owing to the relatively high
ionic strength of MSA due to self-protonation (Io#with kr=0 2́315, where the form of these expressions is

suggested by perturbation expansions [38, 39]. With the 10 Õ 5 mol ml Õ 1 for monovalent solute), k Õ 1# 2 nm for
PBZT in dilute solutions in MSA. As a consequence,use of these relations, 1 Õ S

2# 1/3(c/cNI )
2. As seen in

® gure 1, with the exception of two points, the results electrostatic intermolecular interactions are essentially
completely screened for dilute solutions of PBZT inobtained here, along with the data from reference [33],

suggest that Dn/c is nearly invariant over the concentra- MSAÐ that is not true for solutions of PBZT in protic
acids of lower ionic strength [43± 45]. The cationstion range studied, with the data consistent with the

estimates S # 0´95 and (Dn/r)
o#1. By contrast, for the produced on protonation of the polymer will increment

Io over its in® nite dilution limit (Io )
o by DI# npc/2mohard-core model, S is expected to increase from #0 8́5

to #0 9́8 over the range of c/cNI studied; see the solid for polymer concentration c, with np the charge per
polymer repeat unit (np#3 for dilute solutions of PBZT),curve in ® gure 1.

The unexpected constancy of S over the range of c/cNI leading to a decrease in k Õ 1. In moderately concentrated
nematic solutions, the mean distance d between rodsstudied might re¯ ect the fact that PBZT is protonated
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230 B. Diao and G. C. Berry

in the direction orthogonal to the rod axes is approxi-
mately {ML /( 2 Ó 3 )cNA }

1/2, with ML the mass per unit
length of the polymer, or d #1´5 nm for the concentra-
tions used here. Since d #k Õ 1, electrostatic inter-
actions should be important in the moderately
concentrated nematic solutions. The relatively small
value for cNI , and the observation that cNI decreases (at
® xed temperature) as the ionic strength of the solvent is
decreased for solutions of PBZT in protic acids [46]
support the postulate that electrostatic interactions
among the polycations may be important in certain
properties in the solutions of PBZT in MSA in
the nematic state, whereas, for example, they may have
little e� ect on the viscosity of isotropic moderately
concentrated solutions of PBZT [47, 48].

The electrostatic interactions elaborated above may
give nematic solutions of PBZT in MSA some enhanced
short-range translational order orthogonal to the chain
axes, with a preferred transverse spacing of order d #
k Õ 1 between the parallel chains. The X-ray di� raction
from solutions of poly(1,4-phenylene-2,6-benzobisthia-
zole) in polyphosphoric acid in the form of oriented
® bres [49] is consistent with this postulate, though the
order in such a solution may be a� ected by complex
formation of PBZT with the oligomeric acid moieties

Figure 3. Reduced viscosities as function of concentration[50]. relative to the concentration cNI for the order± disorder
The data on gT/Dx from the growth of the twist and transition for nematic solutions of PBZT in methane

splay distortions are given in ® gure 3 as a plot of sulphonic acid. The upper panel gives data for the steady
state viscosity in the slow ¯ ow regime (for which thelog {(gT/Dx)Dn/Mw [g]} versus c/cNI; here, Mw is the
viscosity is independent of the shear rate). The lower panelweight average molecular weight and [g] is the intrinsic
gives data on the twist distortion viscosity determinedviscosity. Multiplication by Dn is motivated by the from growth of the distortion in twist ( ® lled ) or splay

assumption that for the rod-like PBZT, Dx may be given (un® lled) geometries. The symbols are for various samples
by [2, 5, 6, 51] identi® able by the ratio c/cNI in table 2. The curves A and

B represent log {(c/cNI )
3} and log {(c/cNI)

3
hT (S )} within

Dx# (Dx/r)
o
cS (12) arbitrary vertical shifts, respectively, as discussed in the

text. Both gT and gss are in Pa s, [g] is in ml g Õ 1, and Dxwhere (Dx/r)
o is the value of Dx/c for S =1 and c =r.

is in Pa T Õ 2.This form assumes that the anisotropic molecular mag-
netic susceptibility is invariant with c, similar to the
assumption made with respect to the optical polariz- for the Leslie viscosity coe� cients a i , where the func-
ability. Thus, the ratio Dn/Dx is expected to be independ- tions A i have been calculated for a rod-like chain
ent of c and S. The division by Mw [g] is motivated by model [38, 39]. Thus, for the twist viscosity,
the theoretical expression for the distortion viscosities gT /M [g](c/cNI )

33 hT=A3 Õ A2 . Comparison of the
for rodlike chains (m=S, T, B) [38, 39, 52± 54]: experimental data on (gT /Mw [g]) (Dn/Dx) versus c/cNI

with the theoretical expressions is facilitated by a plotg
l

=g
ISO

h
l

(S ) (13)
of log{(gT/Mw [g]) (Dn/Dx)} versus c/cNI , so that a plot

where g
ISO is the hypothetical viscosity for an isotropic of log {(c/cNI)

3
h

l
(S )} versus c/cNI may be shifted along

solution of in® nitely thin rod-like chains at the same the ordinate to compare the two functions within a
volume fraction Q and chain contour length L as the proportionality constant. As seen in ® gure 3, the data
nematic [52, 53]: on log {(gT /Mw [g]) (Dn/Dx)} versus c/cNI appear to

increase more rapidly with increasing c/cNI for the largerg
ISO=gs (pNA /K

g
)
2
M [g](c/cNI)

3 (14)
c/cNI studied than expected from (c/cNI)

3
h

l
(S ) , but are

with K
g

a constant (#120). The form for g
l

is based on similar to the function (c/cNI )
3. This behaviour is consist-

the expression ent with the approximately constant value of S for these
solutions deduced from the dependence of Dn on c/cNI ,a i =g

ISO
A i (S ) (15)
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231Director ® eld distortion in a magnetic ® eld

and could re¯ ect a tendency for enhanced short-range
translational order orthogonal to the chain axes noted
above.

Although (Dx)
o is unknown, an approximation may

be deduced from the localized bond (or atom) additivity
model to permit estimates of gT [55]. Based on that
model, for the (nearly) planar components comprising
the repeat unit of PBZT, Dx may be approximated from
estimates of xOUT , x IN , and x

d
, representing the out-

of-plane, averaged in-plane, and axial susceptibilities,
respectively:

Dx= ( x IN Õ xOUT)/2+3 (x
d
Õ x IN)/2 (16)

where it anticipated that x
d
# x IN . Inspection suggests

that two moles of benzothiazole comprise the relevant
moieties in a PBZT repeat unit, so that Dx#
( x IN Õ xOUT) using additivity based on x IN and xOUT

per mole of benzothiazole (with the approximation x
d
#

x IN ). Although x IN and xOUT do not appear to be
available for benzothiazole, values for phenyleneurea
(2-benzimidazolone) should be similar, and are avail-
able [55]. Using those data, (Dx)

o# 3 Pa/T 2

(3 Ö 10 Õ 7 erg G Õ 2 cm Õ 3 ) for PBZT, so that Dn/Dx=
(Dn)

o/(Dx)
o is of order unity. Thus, the data in ® gure 3

give gT of the same order magnitude as gss, though the
dependence on c/cNI is clearly di� erent.

The enhanced (gT /Mw [g]) (Dn/Dx) for the sample with
the lowest concentration studied may re¯ ect in part
some decrease in S, but as shown by the theoretical
function hT (S ) versus S given in ® gure 4, the enhance- Figure 4. Lower: The theoretical functions hT (S ) and kS (S ) as

functions of the order parameter S for a model with ament appears to be too large to be attributed to that
hard-core potential, as discussed in the text. Upper:e� ect alone unless S has changed substantially over a
Theoretical functions for kT for charged rod-like chains

very small span in c/cNI . Some of the enhancement may [58, 59], for values of the parameter h = kdT ) Õ 1 equal to
be related to behaviour noted as a nematic solution of 0, 0 1́, 0 2́, 0 3́, 0 4́ and 0 5́ from bottom to top.
PBZT in MSA is heated to within 20± 30 ß C of its clearing
temperature TNI ,

30 the solution at lowest c/cNI is within
that range. The order parameter S decreases slowly as It may be noted in ® gure 3 that the dependence on

c/cNI of the steady state viscosity gss in slow ¯ ow (orT is increased for a nematic phase of PBZT in MSA,
with no other visible change until T approaches the region II) di� ers signi® cantly from that of gT in two

respects: gss/M [g] decreases with increasing c/cNI , andspeci® ed temperature, at which point a population of
bipolar defects develops with further cooling. The defects the change in gss /M [g] with c/cNI is much larger than

that for gT /M [g]. This di� erence re¯ ects the complexappear to comprise a slightly disordered phase within
the otherwise well-ordered and defect-free nematic. The nature of the ¯ ow in the unaligned, defect-full nematic

under study in slow ¯ ow [31, 57].conoscopic interference ® gures are maintained (with
somewhat diminished contrast) until a temperature is The data on KT/Dx and KS /Dx from the relaxation of

the twist and splay distortions, respectively are given inreached at which the ® gures can no longer be discerned,
and the population of bipolar defects has become large. ® gure 5 as plots of log (KT/Dx)Dn} and log {(KS /Dx)Dn}

versus c/cNI . Semi-empirical forms for the K
l

for rod-The defects may represent regions of slightly lower
average molecular weight than that of the remaining like chains are proportional to (c/cNI )

2 and to coe� cients
k

l
(m=S, T, B) that depend on the order parameter S:sample, re¯ ecting anticipated phase segregation by chain

length in the nematic phase of rod-like chains polydis-
K

l
= (kT /dT ) (c/cNI)

2
k

l
(S ) ( 17 )

perse in chain length [56]. The behaviour at small c/cNI

may re¯ ect either unobserved bipolar structures or the where dT is the thermodynamic diameter of the rod-like
chain, see above. Numerical computations of the k

l
aree� ects of regions of incipient formation of these defects.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
8
:
2
9
 
2
6
 
J
a
n
u
a
r
y
 
2
0
1
1



232 B. Diao and G. C. Berry

discussed further after considering the temperature
dependence found for KT and KS in this study.

The data on the temperature dependence of KT and
KS are displayed in ® gure 6 as log {K

l
(T )A

g
(T )/gT (T )}

versus T /TNI , where TNI is the temperature for the order±
disorder transition, A

g
(T )=W (T Õ 1 Õ T Õ 1

ref ), with Tref a
reference temperature (295 K) and W set equal to the
value 2800 K determined for the temperature dependence
of the viscosity of nematic solutions of PBZT in MSA
(W is close to the value for the temperature dependence
of MSA [48]. As may be seen, KS (T )A

g
(T )/gT (T ) is

essentially independent of temperature, suggesting that
A

g
(T ) accounts for most of the temperature dependence

of gT , and that the temperature dependence of KS (T ) is
weak. Scaling of gT with A

g
(T ) is reasonable if S does

not depend signi® cantly on temperature. The curve
shown in ® gure 6 with KS (T ) is calculated for a rod-like
chain taking account of the variation of cNI with temper-
ature given in ® gure 7, taken from reference [57]. The

Figure 5. The Frank curvature elasticity determined from
relaxation of the distortion of the director ® eld as function
of concentration relative to the concentration cNI for the
order± disorder transition for nematic solutions of PBZT
in methane sulphonic acid. The lower panel gives data on
the twist ( ® lled ) and splay (un® lled) geometries. The
symbols are for various samples identi® able by the ratio
c/cNI in table 2. The curves A and B represent log {(c/cNI )3}
and log {(c/cNI)

3
kS (S )} within arbitrary vertical shifts,

respectively, as discussed in the text, or these functions
divided by three, as noted.

available for rod-like chains interacting through a hard-
core repulsive [23, 24] or an electrostatic [58, 59] poten-
tial. In either case, the calculations give kT=kS /3 for
rod-like chains. The function kT calculated for polyions
for various values of the parameter h = (kdT ) Õ 1 is shown
in ® gure 4, with k Õ 1 the Debye screening length; the
curve for h =0 corresponds to an uncharged chain with Figure 6. The Frank curvature elasticity determined from
a hard-core repulsive interaction. As may be seen, kT relaxation of the distortion of the director ® eld as function

of temperature relative to the temperature TNI for thedoes not depend markedly on c/cNI (or S, which is a
order± disorder transition for nematic solutions of PBZTfunction of c/cNI ) for the range of interest here; we note
in methane sulphonic acid for two samples (c/cNI equal toin passing that kB depends more markedly on h.
1 6́13 and 1 4́95 at 25 ß C for the ® lled and un® lled symbols,

Consequently, no conclusion may be drawn on whether respectively). The curve labelled splay is calculated as
kT might be constant for the larger c/cNI studied here. described in the text. The curve labelled twist is drawn to

aid the eye; the curve labelled Ö 1/3 represents the curveThe increase in both for the sample with the smallest
for splay shifted along the ordinate by log (1/3). Thec/cNI parallels that observed for twist viscosity for the
function A

g
(T )=exp {2800[(1/T ) Õ (1/295 )]} accountssame sample, and may have a similar origin. For most

for the dependence of the steady state viscosity on temper-
of the samples, KT /KS is found to be slightly larger than ature. As discussed in the text, the estimate for KT /gT may
the value 3 expected for rod-like chains interacting be low at the higher temperatures owing to the e� ects of

weakened surface anchoring.through a hard-core potential; this behaviour will be
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233Director ® eld distortion in a magnetic ® eld

surface, with the initial orientation at the surface pro-
vided by rheological e� ects on ® lling the cell [29, 32],
giving a preferred direction along the long axis of the
cell, consistent with the director orientation in the unper-
turbed bulk. Fluorescence emission anisotropy studies
have shown that a residual surface alignment persists
even at temperatures above TNI [31]. Nevertheless,
weakening of the anchoring with increased temperature
would be reasonable, as has been frequently reported
for low molecular weight nematogens [7]. Any such
e� ect would be minimized in the splay geometry, owing
to the physical constraint imposed by the wall, in accord
with the general ® nding that polar anchoring tends to
be much stronger than azimuthal anchoring for small
molecule nematics [7]. Such an e� ect would result in a
low estimate of the twist elastic constant by misinter-
pretation of the relaxation time constant determined
from the rate of rotation of the conoscopic interference
® gures with time. In particular, a twist occurring over aFigure 7. The temperature for the onset of a biphasic ordered
distance j%d near the surface, so that the bulk directorand disordered phase and the appearance of a single
® eld is bounded by an e� ective surface angle qs relativeordered phase, un® lled and ® lled squares, respectively, as

a function of the weight fraction of polymer for solutions to the original orientation, would not appreciably a� ect
of PBZT in MSA (L w=100 nm) [46]. the rotation of the conoscopic ® gures (and so would not

be detected by that method), but would reduce the
torque driving the director ® eld in the bulk to return to

experimental trend is consistent with the calculations. its initial orientation, leading to low estimates for KT /gT
By contrast, KT (T )A

g
(T )/gT (T ) , and by inference KT (T ) , from the rate of relaxation of the conoscopic ® gures.

decreases markedly as T /TNI approaches unity, with Thus, the substantial deviation of KT from KS /3 observed
KS #3KT at the lowest temperatures, as expected for a

as T /TNI approaches unity could indicate weakening of
rod-like chain (either charged or neutral [59]) . The ratio

the surface alignment toward twist distortions. The
KS /KT increases to over 10 at the highest temperature

contribution Fsurface to the distortion free energy needed
owing to the decrease in KT .

to evaluate anchoring e� ects is calculated using an
The di� erence in the temperature dependencies for KS

anchoring energy, often approximated simply asand KT is unexpected, and lies outside the frame of the
W a sin2

(qs) in the twist distortion geometry (subscript amodels for the curvature elasticity quoted above, since
denoting an azimuthal parameter, energy per unit area),for them KS /KT is constant. That is not true for models
where qs is the angle of the director at j with respect tofor a worm-like chain with persistence length r, for
the preferred orientation at the surface [7, 8, 61± 64]. Inwhich a decrease in r gives decreased KT , with much
this formulation, a length bs=2KT /W a determines theless e� ect on KS [24, 60]. However, the relatively weak
importance of surface e� ects, with strong anchoringincrease of cNI with increasing temperature for PBZT in
corresponding to small bs . In ® rst approximation, ifMSA [46, 48] does not suggest any substantial change
j%d, then a balance of torques gives qs# (pbs /2d )qmid ,in the chain conformation over the temperature range
so that qs would increase if W a decreases with increasingof interest. Further, the observation [47] that the tem-
temperature, as has been reported for small moleculeperature dependence of the viscosity of moderately con-
nematics [7, 64]. With increasing relaxation time, thecentrated isotropic solutions of PBZT in MSA is close
distortion in the bulk will slowly relax, reducing qmid ,to that for the solvent indicates that there is essentially
and hence qs . This coupling complicates the analysis,no variation of the chain conformation with temperature.
but qualitatively would lead to a low estimate for KT /gT .A weakening of the surface anchoring with increasing
For example, if it is assumed that the twist at the surfacetemperature could be implicated in the variation of
occurs rapidly in comparison with other relaxations, aKS /KT with temperature. In the preceding analysis, it
balance of torques giveshas been assumed that the distortion imposed by the

external magnetic ® eld relaxes with strong anchoring at
the surface. With the solutions studied here, anchoring

KT
q2

q

qz
2 =gT

qq

qt
Õ (W a /d ) sin (2 qs) . (18)

is presumed to involve polymer adsorption at the glass
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234 B. Diao and G. C. Berry

Then, with the ® rst-order approximation for qs given phase. The source of this behaviour is unknown, but
may be related to molecular weight dispersion in theabove, the estimate for KT /gT calculated with neglect of

the weakening of the anchoring would be too small by samples used.
a factor of p/(p Õ 2), close to the e� ect seen in ® gure 6

It is a pleasure to acknowledge discussions withfor the highest temperature. This behaviour may be
Dr Mohan Srinivasarao on several aspects of the workrelated to the existence of surface layers in nematic
reported especially his remarks on the optical observa-solutions of PBZT deduced from non-linear optical
tions of defects in nematic ¯ uids. The generosity ofthird-harmonic generation (THG) [65]. These surface
Professor A. P. Koretsky (Biological Scienceslayers have distinct THG properties, and may exhibit
Department, CMU) in permitting the use of the magnetsome ordering of the molecular planes parallel to the
in his laboratory is much appreciated. This work, whichsurface over a distance of more than ten microns. It may
comprises a portion of the Ph.D. dissertation of B. D.,be reasonable for such a surface layer to exhibit enhanced
has been supported in part by a grant from the Nationaltwist under the torque imposed by the twisted bulk,
Science Foundation, Division of Materials Research,especially at elevated temperature. (The total twist
Polymers Program.induced in the samples at room temperature was

approximately identical for each sample.) The surface
Appendixtwist could occur more-or-less abruptly as the temper-

A1. Director ® eld distortion in an externalature is increased from that used to induce the bulk
magnetic ® eldtwist distortion, so that subsequent relaxation occurs

The undistorted director, given by no=[1, 0, 0], iswith a reduced rate, and with a surface twist that
subjected to a twist distortion with an applied ® eld H =gradually reduces with time.
[H cos qmag , H sin qmag , 0] or a splay distortion with an
applied ® eld H = [H cos (Qmag ), 0, H sin (Qmag )]. It is5. Conclusions
assumed that at least for small distortions, the directorThe growth of the distortion of the director in an
is given by n =[cos q(z) , sin q (z), 0 ] in twist distortionexternal ® eld, and its subsequent relaxation on removal
and n=[cos Q (z), 0, sin Q(z)] in splay. That is, the directorof the ® eld demonstrates both features that are expected
remains in the plane of the slab in twist, or in a planefor a nematic phase of rod-like chains, and some that
de® ned by H and no in splay. When expressed in reducedare unexpected. Thus, as expected, the growth of the
coordinates, a balance of torques in either the splay (m=distortion in two di� erent geometries is the same, as
S) or twist (m=T) distortions may be given by [2, 6]expected, providing an estimate for the twist viscosity

(within a proportionality factor of the anisotropy of the
diamagnetic susceptibility). The dependence of gT on the m

l
(y)

q2
y

qz
2
r

+m ¾
l

(y)A qy

qzrB
2

=Cmag+p
2 qy

qtr

Cmag = (ph
l

)
2 sin (y Õ ymag ) cos (y Õ ymag )

concentration is similar to that expected for rod-like
chains, but appears to require that the order parameter
is less dependent on concentration than predicted for

where y =Q in splay or y =q in twist, zr= z/d, h
l

=charged rod-like chains. The latter is in accord with the
H /HC,l

, and tr= t/t
l

, with HC,l
= (p/d ) (K

l
/Dx)

1/2, ymagconclusion reached by direct examination of the order
is the angle of the magnetic ® eld with respect to theparameter. This behaviour appears to imply a short-
undistorted director and t

l
=d

2
gT/p2

K
l

=gT/DxH
2
C l

.range translational order in a direction orthogonal to
The twist viscosity is implicated in either the splay orthe chain axis, induced by electrostatic interactions
twist distortions. Here 2m ¾

l
(y) =qm

l
(y)/qy, and the func-among the polycations produced on protonation of

tions m
l

are given by mT (q)=1, and mS (Q)=1 +k sin2
Q,PBZT in the acidic solvent used. The translational order

with k= (KB Õ KS )/KS . Thus, mS (Q)#1 to an approxi-is not in accord with models for charged rod-like chains
mation that improves as k tends to zero or Q is small,[58, 59]. The relaxation data give a temperature depend-
making the expressions for twist and splay identical inence for the splay curvature elasticity in reasonable
the reduced parameters in that limit.accord with theoretical expectations, but that for the

For the distortions of interest, Cmag # (ph
l

)
2
(y Õ ymag ),twist curvature elasticity shows an unexpectedly strong

so that at equilibrium,temperature dependence. This behaviour may re¯ ect a
weakening of the surface anchoring with increased tem-

y (z, 2 ) =ymagG1 Õ
cosh (ph

l
zr)

cosh (ph
l

/2 )Hperature, resulting in an erroneously small estimate for
KT by analysis of the relaxation rate with neglect of this
e� ect. Anomalous behaviour is seen in the twist viscosity for either twist or splay (within the stipulated approxi-

mation). This expression provides an excellent repres-and the splay and twist curvature elasticities at concen-
trations close to that for transition to the isotropic entation of the relation [66] obtained without resorting
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235Director ® eld distortion in a magnetic ® eld

to the approximation for Cmag for the y (z, 2) of interest elsewhere [69, 70]. The coordinate system and the dis-
tortion angles are de® ned as per the schematic diagram.here. The growth of the distortion is calculated using

the Fourier expansion

y (z, t) =ymag �
k odd

bk (h
l

, t/t
l

) cos (kpzr)

for k =1, 3, . . . [67 ]. The distortion ymid(h
l

, ymag , t/t
l

) at
mid-plane is given by y ( 0, t) , with an equilibrium value
of

ymax (h
l

, ymag ) =ymid(h
l

, ymag , 2 ) =ymag �
k odd

bk (h
l

, 2)

and In the adiabatic approximation, the moduli k i of the
wavevector k = [k1 , k2 , k3 ] may be expressed as

bk (h
l

, 2 )=
4

p

(Õ 1)(
k Õ 1)/2

k

h
2
l

h
2

l
+k

2

l
2C Ak1

n1B
2

+Ak2

n2B
2

+Ak3

n3B
2D=1

obtained by standard procedures [68]. Integration over
zr (using the integrating factor cos (kpzr)) after substitu- where axis-1 is along the director, and the n is in the
tion of y

l
(z, t) in the preceding partial di� erential equa- 12-plane for the initial, undistorted director ® eld no . The

tion yields a set of ordinary di� erential equations, which strategy is to express the local retardation for a wave
integrate over t to give propagating in a simple geometry, and then to transform

this to the cases of interest by successive rotations of the
bk (h

l
, t/t

l
) =bk (h

l
, 2 ) {1 Õ exp [ Õ (h

2
l

+k
2
)t/t

l
]}.

coordinate system to reach the laboratory coordinate
For h

l
&1, ymid tends to ymag , and the overall growth system in the back focal plane of the interference micro-

of the distortion at mid-plane may be approximated by scope used in conoscopy, making use of the adiabatic
propagation approximation.

ymid(h
l

, ymag , t/t
l

) #ymax (h
l

, ymag [1 Õ exp (Õ h
2

l
t/t

l
)]

In the local coordinates, for the o-wave, n1=n2=
n3=no , and for the e-wave, n1=no and n2=n3=nE . Onmaking the time constant t

l
/h

2

l
=gT/DxH

2 independent
rearrangement, the di� erence Dk3 between moduli k3 forof the Frank elasticity for either splay or twist distortions.
these two waves is given by [69]A similar analysis of the relaxation of a distortion on

removal of the external ® eld following a time tg of
growth of the distortions gives Dk3=ADn

l BG1 Õ 2A l

2nOB
2

k
2
1+2

nO

nEA l

nOB
2

k
2
2H .

bk (h
l

, t/t
l

) =bk (h
l

, 2 ) {1 Õ exp [ Õ (h
2
l

+k
2
)tg /t

l
]}

If the nematic is undistorted, then the laboratory and
Ö exp [ Õ k

2
( t Õ tg )/t

l
] local frames are identical, and the retardation in the

k1 k2-plane, which is the back-focal plane in the micro-where t is measured from the time the magnetic ® eld is
scope, is given byapplied, and h

l
refers to the reduced ® eld imposed during

the growth of the distortion. To a good approximation,
DQÃ = P

d/2

Õ d/2
d( 3 )Dk3

ymid(h
l

, ymag , ( t Õ tg )/t
l

) # ymid(h
l

, ymag , tg /t
l

)

Ö exp [ Õ ( t Õ tg )/t
l

]
=AdDn

l BG1 Õ 2A l

2nOB
2

k
2
1+2

nO

nEA l

nOB
2

k
2
2Hexcept possibly for small t Õ tg .

#AdDn

l BG1 Õ 2A l

2nÄ B
2

k
2
1+2A l

2nÄ B
2

k
2
2HA2. Conoscopy

The following is a development of the phase retard-
ation DQÃ experienced by a wave propagating through where both nO and nE have been replaced by nÄ =

(nO +nE )/2 in the term in brackets in the approximatean anisotropic medium, in the limit that the gradients
in the refractive index are small and smooth on the scale form. This describes curves of constant phase retardation

as nested hyperboli in the k1k2-plane, giving rise to theof the wavelength of light, i.e. only smooth distortions
of the director ® eld are admitted. In this case the characteristic fringe pattern observed in conoscopy. The

spacings of the dark fringes along the director andàdiabatic approximation’ may be applied to describe
the propagation of a light wave propagating in the orthogonal to the director provide a convenient means

to determine the birefringence from the approximatenematic, following is an extension of developments given
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236 B. Diao and G. C. Berry

form, or the individual values of nO and nE using the full new coordinate system is introduced, with its y axis
rotated by q from the j axis, the x axis rotated by qexpression [69].

In a pure tilt distortion n is tilted by angle Q from from the g axis, and the z axis unchanged such that the
projection of n on the gj-plane is twisted by angle qaxis 1, but remains in the 13-plane. A transformation to

a coordinate system with the j axis along n, the z axis from the j axis ( to follow reference [70] notation):
perpendicular to n, and in the 13-plane, and the 2 axis

k
g

=kx cos q Õ ky sin q,
renamed to be the g axis (to follow the notation of
reference [70]) gives: k

j
=kx sin q +ky cos q

k1=k
j
cos Q+ kZ sin Q, and

k2=k
g

, kz =kz .

and The x , y-plane then represents the laboratory plane
viewed in the back-focal plane of the microscope, and

k3=k
j
sin Q Õ kZ cos Q.

the di� erence between the kz for the e-wave and the
Then, the di� erence between kZ for the e-wave and the o-wave in this plane becomes (correcting a typographical
o-wave is given by error in reference [70])

DkZ #ADn

l BG ( 1 +cos 2Q)/2 Õ
l

2nÄ
k

j
sin 2Q DkZ #ADn

l BG1

2
(1+cos 2Q) Õ

l

2nÄ
kx sin 2Q sin q

+A l

2nÄ B
2

[( 3 Õ cos 2Q)k
2

g
+ ( 1 Õ 3 cos 2Q)k

2
j

]H Õ
l

2nÄ
ky sin 2Q cos q

with the approximation signifying the use of nÄ inside the
+A l

2nÄ B
2

[(3 Õ cos 2Q) cos2
q + (1 Õ 3 cos 2Q) sin2

q ]k
2
xbrackets. With q a smooth function of z, integration

through the slab gives the retardation in the k
g

k
j
-plane

as
+A l

2nÄ B
2

[(3 Õ cos 2Q) sin2
q + (1 Õ 3 cos 2Q) cos2

q ]k
2
y

DQÃ #AdDn

l BG1

2
(1+ cos 2Q ) Õ

l

2nÄ
sin 2Q k

j

+2A l

2nÄ B
2

[(1 Õ 3 cos 2Q)

Õ A l

2nÄ B
2

(3 cos 2Q Õ 1 )k
2
j

Õ (3 Õ cos 2Q)] sin q cos qkx kyH .

+A l

2nÄ B
2

(3 Õ cos 2Q )k
2

gH With both Q and q smooth functions of z, integration
through the slab gives the retardation in the kx ky-plane

which describes hyperboli centred at k
g

=0 and k
j
= as

(nÄ /l) sin 2Q /(1 Õ 3 cos 2Q ). In these coordinates, the
director has no component along the g axis, and the

DQÃ =AdDn

l BG1

2
(1+ cos 2Q ) Õ

l

2nÄ
sin 2Q sin q kxcentre of the fringe pattern is shifted along the j axis,

parallel to no . The ratio of the observed displacement D

of the centre of the fringe pattern of the radius R of the Õ
l

2nÄ
sin 2Q cos q ky

illuminated area is then given by

D

R
#CDA nÄ

CNAB sin (Qmid ) +A l

2nÄ B
2

(3 Õ cos 2Q) cos2
q+ (1 Õ 3 cos 2Q) sin2

q k
2
x

and
+A l

2nÄ B
2

(3 Õ cos 2Q) sin2
q + (1 Õ 3 cos 2Q) cos2

q k
2
y

CD= sin 2Q /sin (Qmid) ( 3 cos 2Q Õ 1 )

with CNA the numerical aperture of the objective lens.
+2A l

2nÄ B
2

[(1 Õ 3 cos 2Q)
Thus, for magnetic distortion in a weak ® eld (h %1 so
that Q=Qmid cos (pz/d )), CD#0´65. For distortion in a
strong ® eld (h &1 ), CD#1. Õ (3 Õ cos 2Q)] sin q cos q kx kyH .

To include a twist distortion along with the splay, a
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